We study the numerical simulations of 3-D inifinite Prandtl number convection with temperaturedependent viscosity in a spherical shell. Control volume method coupled with SIMPLE algorithm is used to solve the basic equations. Both constant and temperature-dependent viscosity cases are studied under the condition that the ratio of the inner to the outer shell radius is 0.55, which is appropriate for mantle convection of the Earth, with only basal heating. For the case of constant viscosity, when the Rayleigh number (Ra) is less than 105, steady state solutions (both cubic and tetrahedral types) are obtained. However, forRa = 106, we find only a time-dependent solution. For the temperature-dependent viscosity case, we assume that the viscosity changes with temperature exponentially and we can successfully obtain solutions with the viscosity variation up to 10000. For the viscosity contrast of 1000 times and the surface Rayleigh number of Rao = 5 x 103, we get the flow patterns which consist of the sheet-like downwelling and small upwellings.
Introduction
The interiors of the terrestrial planets can generally be divided into three layers, i.e., crust, mantle, and core. Mantle is the layer composed of silicate rocks and occupies the major part of the planets (e.g., 80% of the total volume of the Earth). The solid rock behaves as if it were highly viscous fluids for the time scale of the order of millions years, and thermal convection of the mantle, driven by the heat released from the core and the heat generated by the decay of the radiogenic elements, possibly occurs (or occurred) within the planets (Schubert et al., 1979) . Mantle convection is a driving mechanism of the plate motions and a variety of geological processes. Thus, the study of the mantle convection is a central topic to investigate the structure and evolution of the planets.
Because of the spherical shell shape and the complexities of the physical and chemical properties of mantle, e.g., rheology, phase changes, and chemical heterogeneities, it is almost impossible to study the mantle convection by laboratory experiments. Since 1970's, the numerical studies of mantle convection have been reported by many workers (e.g., Turcotte et al., 1973) . However, because of the limitation of the computer power, many models were restricted to two-dimensional geometry. Recent availability of powerful computers makes tractable three-dimensional calculation in boxes (Cserepes et al., 1988; Houseman,, 1988; Travis et al., 1990; Balachandar et al., 1992; Honda et al., 1993) and in spherical shells (Baumgardner, 1985; Machetel et al., 1986; Glatzmaier, 1988; Bercovici et al., 1989 Bercovici et al., , 1992 Glatzmaier et al., 1990; Tackley et a1.,1993) . However, since fully three-dimensional calculations in spherical shells need a large amount of the memory and computational time, they are still in a stage of development. All the above studies employed the spectral methods except for Baumgardner's work, in which the finite element method is used. Such methods can avoid the singularity problem at the pole and generally achieve the high accuracy. One of the major problems of the numerical study of the mantle convection is that the transport properties of the mantle depend on the temperature, pressure, and other factors. The viscosity of the mantle is strongly dependent on temperature (Weertman, 1970) . For example, the almost rigid plates are formed on the surface of the Earth. There are many studies on the convection with the temperature-dependent viscosity in two-dimensional box (e.g., Torrance and Turcotte, 1971; Christensen, 1984) and three-dimensional box (Christensen and Harder, 1991; Ogawa et al., 1991; Weinstein and Christensen, 1991; Tackley, 1993) . It is somewhat difficult to solve the case with large lateral viscosity variation using the spectral method, however. For the study of the convection in spherical shell, Zhang and Yuen (1995) , for example, calculate the case for only vertical variation of viscosity. For temperature-dependent viscosity case, Christensen and Harder (1991) carried out their calculations with 1000 times viscosity variation using a hybrid spectral and finite difference method with a box geometry. Ogawa et al. (1991) and Tackley (1993) circumvented this problem using the control volume method and achieved the variation of viscosity up to 105 times (Ogawa et al., 1991) . Recently, Ratcliff et al. (1995) succeeded in the calculation with the viscosity variation of 1000 times using the control volume method in spherical shell convection.
In this paper, we describe the method and some results of our mantle convection code in a spherical shell using the control volume method with SIMPLE algorithm (Patankar, 1980) . Our main purpose is to develop a code to solve the realistic model of the mantle convection, such as spherical geometry and temperature-dependent viscosity. We show that our code can handle total viscosity variation up to 10000.
Method
We assume that the mantle is an infinite Prandtl number viscous fluid and adopt the Boussinesq or incompressible approximation. The equations to be solved are those of motion, continuity, and energy transfer described in the spherical coordinates. The meanings of the symbols used in this paper are summarized in Table 1 . In the following discussion, subscripts 0 and 1 imply respectively the values at the top and bottom surfaces. The length, time, and temperature are normalized by the thickness of the spherical shell, ro -ri, thermal diffusive time scale, K/(ro -ri)2, and the temperature difference across the inner and outer shell of the convection layer, AT, respectively. 
Ra is the basal-heating Rayleigh number defined by 
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where H is the volumetric rate of the internal heat generation. Equations (1), (2), (3), (9), and (10) are discretized based on the control volume method. Thus, the momentum, mass, and energy in each control volume are conserved. We first solve the equations of motion an continuity for the temperature field, and then solve the energy equation to obtain a temperature field for the next time step. The same procedure then is repeated continuously. In order to obtain the velocity and pressure fields which satisfy the equations of both motion and continuity simultaneously, we have employed the SIMPLE (Semi-Implicit Method for Pressure-Linked Equation) algorithm (Patankar, 1980) . The energy equation (Eq. (10)) is solved by the hybrid (up-wind and centered difference) method (Patankar, 1980) for the advection and diffusion terms, and the fully implicit scheme is applied for time integration. The time steps are set so as to satisfy the Courant criterion.
One of the difficulties in solving the convection equations numerically in the spherical coordinate system is the singularity at the poles, since sin 0 becomes 0 at 0 = 0 and .n. In order to avoid this problem, we take the following procedure. We use the "concentrated" control volume method, in which the primitive variables, i.e., velocities, pressure, and temperature are defined at the center of the control volume. The net momentum flux through the boundary area of a control volume in 0-direction has always finite value, because the area of the boundary of the control volumes is proportional to sin0. We can set the control volumes in such a way that the position of the primitive variables does not coincide with polar regions.
The major merit of using the concentrated grid method is the ease of setting the boundary conditions. However, when we solve the basic equations by SIMPLE algorithm, the chess-board like oscillatory solutions for the pressure correction may occur (Patankar, 1980) . To avoid these oscillations, we use a method similar to that described Arakawa (1994) . The staggered control volume is used only when we derive the velocities on the surface of the concentrated control volumes, which are used for solving the continuity equation by SIMPLE method, and we can successfully obtain solutions without oscillations.
The boundary conditions are free-slip and constant temperature on the outer and inner surfaces. The shell radii are taken to be those characteristic of the Earth's mantle (i.e., rl/ro = 0.55). No internal heating is included (H = 0).
Results
The conditions and results of all the calculations are summarized in Table 2 . For saving computer time, we use a plume-type temperature field as the initial conditions. Cases A, D, E, and F start with the temperature field of 6 "upwelling plume seeds" (Fig. 1(a) ), case B with 4 upwellings, and case C with 8 upwellings (Fig. 1(b) ). We judge that a steady state. is achieved when the variation of the Nusselt number over one time step becomes less that 10-5. The Nusselt number is the efficiency of the heat transport and is defined by the ratio of the heat flux of the convective to the conductive state as, rorl oar r=r1 or ro at the inner (r = rl) and outer (r = ro) shells in the spherical geometry. The difference of Nusselt numbers at top and bottom is within 0.1% in steady-state situations. The Nusselt numbers shown in this paper represent their averages. The number of the control volumes used are either 64 x 64 x 128 (r, 0, and qidirection) or 32 x 32 x 64 (see Table 2 ).
Constant viscosity case
In the steady state, we obtain 6 cylindrical upwelling plumes for cases Al-A7 and 4 plumes for cases 131 and B4. The velocity field at the mid-plane between the outer and inner shells (riro = 0.775) and the cross sections of the temperature field at 0 = 0 plane for Ra = 2 x 103, 104, and 5 x 104 are shown in Figs. 2 and 3, respectively. The sites of the plumes correspond to the faces of cube. Figure 4 shows the results of tetrahedral upwellings for Ra = 2 x 103. Bercovici et al. (1989) reported the same patterns of upwellings for their calculations at Ra s 7 x 104. As the Rayleigh number increases, the upwelling areas become narrower. The upwelling area at poles becomes star-like at high Rayleigh number. This may be caused by that the resolution is not enough and the larger number of control volumes may be needed for the calculation at the higher Rayleigh number (Ra > 105). The horizontally averaged temperature profiles for cubic pattern solutions are shown in Fig. 5 . We find that the thickness of the top boundary layer is almost equal to that of the bottom. The globally averaged temperature for constant viscosity case is approximately 0.25, which is a half of those obtained by the numerical studies of mantle convection in boxes with aspect-ratio 1 x 1 x 1 (0.5). This averaged temperature, Tmean is easily understood as follows. .
Since the heat loss from the top surface is equal to the heat input from the bottom surface at the steady state and the thermal boundary layer is thin, the heat flux balance may be written as 4 7LI0 (Tmean -To) / do = 4,7rr12 (Ti -Tmean) / d1 (12) where d is the thickness of the boundary layer. Assuming do = d1, we obtain 2 Tmean=(nh/ro) Tl+2o=0.232 (13) 1+(r1 /ro) (rl/ro = 0.55, To = 0, and T1 = 1) which is nearly equal to 0.25. As Ra increases, the mean temperature approaches this value (see Table 2 ). In order to check the validity of our code, we have compared the solutions for Ra = 3.5 x 103 (cubic pattern), 2 x 103 and 7 x 103 (tetrahedral pattern) with those of Bercovici et al. (1989) (Table 3 ). The differences of both Nusselt numbers are within 3%. For the cubic pattern solution of Ra = 2 x 103, the maximum and minimum velocity of r-direction and temperature anomaly from the horizontally averaged temperature at the mid-plane show also a good agreement (Table 4) . The Nusselt number increases as the number of control volumes becomes larger (case Al; Table 2 ). This may be due to the fact that the number of grid points in the thermal boundary layer is still not enough. For Ra = 5 x 103, starting from the other initial temperature, we also obtain a flow pattern similar to that which is obtained by rotating the results of case A3 by 45 degrees and find it stable (not shown in the figures).
A time-dependent solution is found for Ra = 106 (case C8; Fig. 6 ). At first, many small upwellings appears (Fig. 6(a) ). Then, this flow pattern changes to that characterized by several upwellings (Fig. 6(b) ) and never get to a steady state solution, at least, within non-dimensional time of 8.9 x 10-3 (Fig. 6(c) ). . Solid line is for y=1 (case A3), short dashed line for y=100 (D3), long dashed line for y=1000 (E3), and long-short dashed line for y=10000 (F3). Figure 7 shows the relationship between Rayleigh and Nusselt numbers for cubic pattern (cases Al-A7). We obtain Nu « Ra°•32. The exponent 0.32 agrees fairly well with the analytic value of 1/3 derived from the thermal boundary layer theory for the planar geometry (Turcotte and Oxburgh, 1967) and the mean field theory for the spherical geometry (Olson, 1981) .
Variable viscosity case
For temperature-dependent viscosity, we set the viscosity ratio as 100 (case D3),1000 (case E3), and 10000 (case F3) for the surface Rayleigh number, which is defined using the surface viscosity qo as the reference viscosity in Eq. (6), of Rao = 5 x 103 (Figs. 8 and 9 ). Figure 8 shows the flow pattern at the middepth. Steady state has not yet been achieved for case F3 (y = 10000). The area where the velocity of the upwelling is faster becomes smaller as the viscosity ratio does larger. If the viscosity contrast is large, the "tail" of the upwelling plumes becomes narrower because of the low viscosity , and the plume head extends widely (Fig. 9) . If the viscosity ratio y is larger than 100, the steady state solution with cubic pattern is collapsed. However, the flow pattern with the plume-like upwellings and sheet-like downwelling is still found for case E3 (y = 1000). Tackley (1993) showed that the temperature field with the cylindrical downwelling and sheet-like upwellings was obtained for the viscosity ratio of 1000 using threedimensional box model with an aspect ratio of 8. Similar temperature field was reported by Ratcliff et al. (1995) for spherical shell geometry model. This difference may arise from the settings of the initial temperature fields. Ratcliff et al.'s calculation started from the conduction state with small random perturbations, while we do from the plume-like temperature field. In our calculations, the global flow pattern may still be influenced by the initial temperature field. Figure 10 shows the horizontally averaged temperature for the temperature-dependent viscosity cases. The mean temperature increases when the viscosity ratio y increases (see Table 2 ) as seen in the studies of convection with temperature-dependent viscosity in boxes (e.g., Christensen, 1984) . This can be understood as that the heat transport is impeded, because the upper boundary layer becomes stiff. However, it appears that the effects of the "stiffness" near the surface is not so drastic, even when the viscosity contrast is 1000. This may be understood as follows. Because the mean temperature is around 0.3, the viscosity at the surface is only about 10 times larger than averaged one, while in the box convection case, the viscosity contrast across the top boundary layer becomes about 100 for y = 1000. This suggests that the geometrical effects should also be considered to study the mantle convection with variable viscosity.
Summary
In this study, we develop a mantle convection simulation code in a spherical shell by coupling the control volume method with the SIMPLE algorithm. The singularity problem at the poles is avoided using the concentrated control volume system. We can successfully obtain solutions with viscosity variation up to 10000. The solutions are clearly different from those calculated in either two-or three-dimensional boxes. For example, temperature drop in the bottom thermal boundary layer is about three times larger than that in the top boundary layer. Such a difference apparently reflects in the viscosity variation near top and bottom surfaces. The condition of development of the stagnant lid may be different from the threedimensional boxes reported by Ogawa et al. (1991) . However, our model is still simple. For example, we do not consider the effects of compressibility, internal heating, and phase changes, which should be included in the future studies. Out final purpose is to simulate the real Earth and planets and the studies based on more realistic models including above effects will be necessary in the future. 
